According to folklore in general relativity, the Weyl tensor can be decomposed into parts corresponding to Newton-like, incoming and outgoing wavelike field components. It is shown here that this one-to-one correspondence does not hold for space-time geometries with cylindrical isometries. This is done by investigating some well-known exact solutions of Einstein's field equations with whole-cylindrical symmetry, for which the physical interpretation is very clear, but for which the standard Weyl interpretation would give contradictory results. For planar or spherical geometries, however, the standard interpretation works for both, static and dynamical space-times. It is argued that one reason for the failure in the cylindrical case is that for waves spreading in two spatial dimensions there is no local criterion to distinguish incoming and outgoing waves already at the linear level. It turns out that Thorne's local energy notion, subject to certain qualifications, provides an efficient diagnostic tool to extract the proper physical interpretation of the space-time geometry in the case of cylindrical configurations.
I. INTRODUCTION
Newton's theory of a gravitational force is given by the pair (G, Φ), where G denotes Galilean space and Φ is the gravitational potential. In Einstein's theory of general relativity, the pair (G, Φ) is superseded by (M, g), where M denotes space-time, modeled as a pseudo-Riemannian manifold with a local geometry represented by a metric field g. While in the classical theory the interpretation of Φ is completely clear -its gradient simply gives (minus) the acceleration that a test particle would undergo -an analogous interpretation of g and its derivatives is far from obvious in the relativistic theory. This is mainly due to the equivalence principle, saying that the affine connection (which is basically the first derivative of the metric, and thus analogue to the Newtonian force field) can be set to zero locally at any point p ∈ M by an appropriate choice of coordinates. A real gravitational effect is only present at p, if this cannot be done in a whole neighborhood of p simultaneously, or equivalently if the Riemann tensor at p does not vanish. Outside sources, the Riemann tensor reduces to the Weyl tensor C. Thus, the physical content of the metric field in vacuum should be somehow encoded in C. Moreover, instead of having only one static field component Φ, there are new dynamical degrees of freedom, corresponding to gravitational waves. It would thus be desirable to have a decomposition of the Weyl tensor into Newton-like parts and wavelike parts.
Since Einstein's field equations are nonlinear and coupled, the possibility of a clear separation between Newton-like and wavelike contributions might be doubtful. However, Szekeres [1] showed that such a decomposition can in fact be found, by following Pirani's approach [2] and studying the geodesic deviation for nearby freely falling test particles. More recently, this program has been generalized by Podolsky and Svarc [3] to spacetimes of arbitrary dimensions.
The main result of these investigations is that C can be deconstructed into components corresponding to Newton-like [4] components and, in addition, to contributions corresponding to transverse and longitudinal, outgoing and incoming gravitational waves. We will refer to this result as the standard interpretation of the Weyl tensor. The standard interpretation is frequently quoted and used in the literature, see e. g. [5] [6] [7] [8] [9] [10] .
In this paper we will show that, although the standard interpretation works very well in certain cases, there are other cases where it fails. We will do so by studying two explicit examples of exact solutions of Einstein's field equations, for which the true physical interpretation is evident, but where the standard interpretation would give contradictory results. To be more specific, we show that a nonzero component of the Weyl tensor does not imply that the corresponding physical effect is present. The correct physical interpretation can, however, still be deduced from the asymptotic falloff behavior of those components.
The paper is organized as follows: We start by fixing some conventions in section II. Then, in section III we review the standard interpretation of the Weyl tensor, introduced by Pirani [2, 11] and Szekeres [1] using the concept of geodesic deviation. Section IV is devoted to the discussion of planar and spherical geometries, both static and dynamical, for which the interpretation works very well. Then, in section V we turn to solutions of Einstein's equations with cylindrical isometries, again static as well as dynamical, and show that the standard interpretation breaks down. In section VI we note that the static cylindrically symmetric solution also invalidates Pirani's wave criterion [12] , and in section VII we check that Thorne's C-energy [13] provides a good tool for cylindrical setups. Finally, we conclude in section VIII.
II. CONVENTIONS
Our notational conventions are the following: capital latin indices A, B, . . . denote d-dimensional spacetime indices (in the examples considered, d = 4), boldface symbols denote vector-fields, and small latin indices a, b, . . . are tetrad indices. Small latin indices i, j, . . . are those tetrad indices which run only over the d − 2 spatial tetrad vectors orthogonal to the privileged spatial direction (see below), whereas tetrad indices evaluated as 0 or 1 always correspond to the two null tetrad vectors, cf. equation (6) . Our sign conventions are "+++" as defined (and adopted) in [14] . Antisymmetrization of indices is denoted by square brackets, i.e.
and we also use the notation
We work in units in which c = 8πG = 1.
III. STANDARD INTERPRETATION OF WEYL COMPONENTS
Let us first briefly review the technique originally used by Szekeres [1] to extract the physical meaning of the various components of the Weyl tensor, before we apply it to some concrete solutions of Einstein's field equations.
Consider a timelike geodesic with unit tangent vector (field) t, and a neighboring timelike geodesic separated by the vector y (parametrized such that t · y = 0). Then, the geodesic deviation equation, governing the change of y at linear order, in vacuum reads
where D dτ denotes covariant differentiation along the geodesic and C A BCD is the Weyl tensor, i.e. the traceless part of the Riemann tensor:
Now complement t with d − 1 orthonormal spacelike vectors x 1 , . . . x d−1 to obtain an orthonormal tetrad
This tetrad defines a frame which an observer along the geodesic would use to make physical measurements. It is further convenient to define a null tetrad, but instead of working with a complex null tetrad, as is usually done in d = 4, we will use the conventions of Podolsky and Svarc [3] and take a real null tetrad, or mixed tetrad, since this approach has the advantage of being applicable in any number of dimensions. The complexification of the two remaining spatial dimensions is in fact of no importance for the discussion, and the results will of course be completely equivalent. Therefore, we define
by combining one of the spacelike vectors, say x 1 =: x, with t to form two appropriately normalized null vectors, and leaving the other vectors unchanged:
This frame now satisfies the quasiorthonormality relations
or, in matrix notation
and the metric can be written as
Note that here, and in what follows, all evaluated indices (and indices i, j, . . .) are to be understood as mixed tetrad indices, as defined in (6) . Space-time indices will always remain unevaluated and denoted by A, B, . . .. The mixed tetrad indices are raised and lowered withη ab (and its inverse), in particular
The Weyl tensor can now be expressed in terms of its mixed tetrad components
which, using its symmetries C ABCD = C {ABCD} , can be expanded as
Here, the terms have been ordered according to their boost weights [15] , where some quantity Q is said to have boost weight b, if it transforms under a Lorentz boost with velocity v in direction x as
The physical interpretation of each term is then found by inserting (13) into (3) and using the various orthogonality relations. The corresponding contributions to the matrix M AD in (3) are (the notation follows [16] ):
(i) boost weight +2 :
This gives rise to a deviation y D of the neighboring geodesic into the hyperplane [17] spanned by the m i , i.e. orthogonal to x. Furthermore, since the matrix Ω ij is symmetric and traceless, a sphere of test particles in this hyperplane will be deformed into an ellipsoid. This is the characteristic effect of a gravitational wave, and so Ω ij is usually interpreted as (the modes of) a transverse gravitational wave propagating in the direction −x. The direction of propagation can for instance be inferred from the boost weight, which is +2 for Ω ij . This means that a Lorentz boost in the direction +x will enhance this term, in accordance with the interpretation of a wave traveling in the opposite direction. Alternatively, inserting a plane wave traveling in direction +x shows that this term actually vanishes; cf. section IV C.
(ii) boost weight +1 :
This term is similar to the first one, but this time the deflection occurs in the x-m i hyperplane. Therefore, it is usually identified as a longitudinal gravitational wave propagating in the direction −x.
(iii) boost weight 0 :
Due to the traceless condition, Φ + Φ i i = 0, this term will stretch a sphere of test particles in the x direction, while leading to contractions in the directions m i ⊥ x (or vice versa). Thus, it represents the (higher-dimensional) analogue of the tidal forces caused by localized, static sources, and can, therefore, be interpreted as a Newton-like part of the Weyl tensor.
(iv) boost weight −1 :
In complete analogy to case (ii), this term is interpreted as a longitudinal gravitational wave propagating in the direction +x.
(v) boost weight −2 :
In analogy to case (i), this term is interpreted as a transverse gravitational wave propagating in the direction +x.
All other terms, i.e. those standing on the right in (13), only give vanishing contributions to (3) . This does by no means imply that these components of the Weyl tensor have no physical effect, it only implies that they give no linear order contribution to the relative acceleration of freely falling nearby test particles.
The privileged spatial vector x, which is the direction of propagation of the gravitational wave components, can be chosen arbitrarily. In the general case it is of course possible to have superpositions of waves traveling in any direction. The geometries considered by us explicitly, however, have sufficient isometries to single out a unique direction of propagation. This means that the two null vectors k and l are uniquely determined, apart from Lorentz boosts in the direction of wave propagation, a point which we will come back to later. There is also some freedom in choosing the remaining orthogonal tetrad vectors m i , corresponding to rotations in the plane orthogonal to the wave direction. This will however not affect any of our results.
IV. EXAMPLES WHERE THE STANDARD INTERPRETATION WORKS
Let us first look at some exact vacuum solutions of Einstein's field equations, which support the standard interpretation of the Weyl components.
A. Static plane
The general plane-symmetric, static solution of Einstein's field equations in vacuum was first found by Levi-Civita [18] (see also [19] for a more recent discussion), and can be written in the form
where α is some constant, and we used the gauge freedom to set a(x = 0) = 1. As a source which gives rise to this geometry, we consider a thin layer of matter located at x = 0, and so according to the symmetries of the set-up, the energy-momentum tensor has the form
For x = 0, the metric is of the form (20) . By choice, it is continuous across x = 0 and accommodates different constants α in the half-spaces x > 0 and x < 0, say α > and α < . These constants are not arbitrary, however, and must be chosen such that the discontinuity in the first derivative of the metric with respect to x implies, upon taking one more x derivative, the correct δ-like contribution, as given by (21a). This procedure corresponds to implementing Israel's junction conditions [20, 21] . We will further assume the full metric to be symmetric across the plane, i.e. under x → −x, implying α > = −α < =: α. Then, the junction conditions yield
The matter source has to fulfill this equation of state (implying a negative pressure) in order to allow for a static solution. Note that α > 0 for a physically reasonable source with positive energy density. The symmetry of this geometry suggests that we choose x = ∂ x as the privileged direction, with respect to which we calculate the Weyl components. The corresponding mixed tetrad is
However, there is a problem with this choice of tetrad: for the interpretation discussed above to apply, the timelike vector must be tangent to a geodesic. But a 1/3 ∂ t is in fact not parallel transported along its integral curves (except for the trivial case α = 0), so the frame (23) can actually not be used. However, since the metric (20) admits the Killing vectors m i , it is clear that geodesics exist with tangent vectors of the form t = f ∂ t + g∂ x with some functions f (x) and g(x). The corresponding null vectors have the form h ±1 a 1/3 ∂ t ± ∂ x with some function h(x), which can be seen by requiring the various orthonormality relations among the vectors to hold. Therefore, the Weyl components in the frame (23) only differ from the ones for which the physical interpretation was derived by the overall factors h ±b = 0, where b is the corresponding boost weight. Hence, since it is sufficient for our purpose to identify the vanishing components, we might as well use the frame (23) .
Having established the frame, it is straightforward to compute the various Weyl components. It turns out that all of the wave components vanish identically:
and the only nonzero components are the Newton-like terms Φ = 4α
This result is in perfect agreement with the standard interpretation of the various Weyl components. For completeness, it should be mentioned that there are also some nonvanishing Weyl components in the nonobservable sector of section III. They are again all of boost weight 0 and are given by
yielding no further independent components. Their appearance follows from the Newton-like terms (29) by the traceless condition
. Similar comments will also apply in the following examples, but we will not explicitly reiterate on this.
As an aside, note that there are space-time singularities at x = ±1/α, as can be seen by calculating the Kretschmann scalar R ABCD R ABCD = 12Φ 2 . However, geodesic motion of massive particles cannot reach them, and photons undergo an infinite redshift along geodesics towards the singularities. As a consequence, the physical accessible space-time only covers the open interval x ∈ (−1/α, 1/α) [19] .
B. Schwarzschild
In the static Schwarzschild geometry, we expect that again only the Newton-like field components are present. Let us now verify that this is indeed the case. The metric outside the Schwarzschild radius r s is given by
This time, the symmetry allows us to identify x ∝ ∂ r as the privileged spatial direction, and so the corresponding mixed tetrad reads
As before, f −1/2 ∂ t is not tangent to a geodesic, but a discussion completely analogous to the corresponding situation in the example of a static plane applies, and so we can in fact use this frame. And again, all of the wave components vanish, the only nonzero components being the Newton-like terms
As a result, also in the case of a spherically symmetric geometry, the standard interpretation of the Weyl components works perfectly well.
C. Plane wave
Next, we consider the complementary case: instead of a static field configuration which only has Newton-like components, we investigate a geometry that corresponds to pure plane gravitational waves. In this case, only the wavelike components are expected to be nonzero. Specifically, consider the well-known pp-wave vacuum solution [22] (see also [5, chap. 24 .5])
with
where a(u) and b(u) are some arbitrary functions. The exact solution (30) represents a plane gravitational wave with wave vector ∂ v , and the corresponding mixed tetrad frame reads
Note that this time, the vector k is tangent to a null geodesic. However, this poses no conceptual problem, since the standard interpretation of the Weyl tensor as discussed in section III can analogously be applied to null geodesics instead of timelike geodesic, cf. [6] . And indeed, in the frame (31) the only nonvanishing Weyl components are
while, in particular, Ω ij = 0. Hence, the standard interpretation of the Weyl tensor correctly identifies the purely wavelike field character, as well as the direction of propagation of the wave. Evidently, the two arbitrary functions a and b are precisely the two modes of the gravitational wave.
D. Spherical wave
Let us finally investigate the Robinson-Trautman space-time [23] (see also [5, chap. 28] ), which can be interpreted as describing spherical (but of course not spherically symmetric) gravitational waves. The metric has the form
where p is a function of (u, ξ, η) and
η and the prime denoting differentiation with respect to u. With this choice, the vacuum Einstein equations reduce to the single fourth order differential equation
Here u is a retarded time coordinate and ∂ r is tangent to a null geodesic. We can therefore choose the mixed tetrad frame
in which the nonzero, independent components of the Weyl tensor become
The main result is that indeed all the incoming (i.e. in the direction opposite to u) components Ψ i and Ω ij vanish, and only Newton-like and outgoing wavelike components are present in general. (Note that "pure wave" solutions without Newton-like admixture can be constructed by setting m = 0 .) Therefore, this example is also in perfect agreement with the standard interpretation. The explicit form of the Weyl components depends on the particular solution of (35), one example being [23] 
for which
These terms have the correct falloff behavior ∼ 1/r 3 and ∼ 1/r 2 for Newton-like and wavelike components, respectively, expected in a spatially three-dimensional, spherical setup [24] . The scaling ∼ 1/r 2 of the wave components is also in agreement with the asymptotic criterion for outgoing waves put forward in [25] .
V. EXAMPLES WHERE THE STANDARD INTERPRETATION FAILS
In this section we prove that the standard interpretation of the Weyl tensor does not hold for all space-time geometries. The focus will be on geometries with wholecylinder symmetry, i.e. those with azimuthal φ symmetry and symmetry along a z direction perpendicular to φ, for which the metric can most conveniently be written in the form (see e.g. [13] or [5, chap. 22] )
where η, α and w are functions of (t, r). Note that (40) only describes a cylindrical geometry, if there is an axis (which we will assume to be located at r = 0), on which the norm of the Killing vector associated with φ symmetry σ = ∂ φ vanishes:
Furthermore, requiring the metric not to have a conical singularity at r = 0 leads to the following regularity condition on the axis [26] :
In these coordinates, the Einstein field equations read:
where we defined
with T A B being the energy momentum tensor.
The symmetry of the metric (40) allows us to identify x ∝ ∂ r as the direction of wave propagation, and the corresponding mixed null tetrad is
Again, the vector e α−η ∂ t is in general not tangent to a geodesic, but due to the symmetries of the metric (40), the same argument as presented below equation (23) in the static planar case applies here as well. Thus, according to the standard interpretation, the primed components of the Weyl tensor (Ψ and Ω ) evaluated in the frame (45) should correspond to outgoing waves, and the unprimed ones (Ψ and Ω) to incoming waves.
A. Static cylinder
Let us first discuss the static solution, i.e. all metric functions only depend on r, choosing a hollow cylinder of matter located at r = r 0 as a source:
The metric outside such a static cylinder was first derived by Levi-Civita [27] (see also, e.g. [13] ). Like in the planar case, the full solution of Einstein's field equations can be obtained by first solving the homogeneous equations inside and outside the cylinder, and then matching the solutions such that the metric is continuous across the cylinder, but the first r derivatives are discontinuous in order for the second r derivatives on the left-hand side to produce the correct δ-like contribution (46a) on the right-hand side. By further implementing the regularity conditions (41) and (42), we arrive at
η(r) = 0 (r < r 0 ) α From the junction conditions across r = r 0 it follows that the constants α 1 and w 1 are related to the source localized on the cylinder surface by
as well as the following relation between the energymomentum components:
Physically, this equation of state again originates from the requirement for the source to be in hydrostatic equilibrium, since otherwise the solution would not be static. Note that for p φ = 0 these relations imply the equation of state p = −ρ as well as α 1 = 0, and the solution becomes the geometry of a cosmic string [28, 29] , which only produces a deficit angle in the outside geometry, and has a vanishing Weyl tensor for r > r 0 . If p φ = 0, however, the parameter α 1 can in principle take any value, leading to an outside geometry that is not Riemann flat. The Weyl components for the solution (47) become, for r > r 0 ,
Incidentally, this shows that the geometry is always asymptotically flat for r → ∞ because
and 2 α
and we assume w 1 > 0 in order to avoid a second axis outside the cylinder, where w(r) would be zero. Moreover, all Weyl components have the same falloff behavior which is ∼ r −2 for Φ 0 and Ω . The problem with the standard interpretation is now manifest: if the standard interpretation of the individual components were correct, we would conclude that (for α 1 = 0, 1, 1/2) there are incoming and outgoing waves present in this solution. The geometry, however, is in fact static, so we know for sure that there are actually no waves at all. This shows that the Ω parts of the Weyl tensor are not only due to gravitational wave components, but also due to static, i.e. Newton-like field components. There is no contradiction to the discussion of the geodesic deviation in section III, because the tidal forces in the z and φ directions, acting on a freely falling observer in the cylindrical geometry (48), will in general not be equal, and, therefore, can produce an elliptical deformation of test particles precisely in the same way as discussed in section III. As a result, the Ω parts of the Weyl tensor cannot be used to extract the purely wavelike content of the space-time geometry.
It should be noted that this also provides a counterexample for a more recent suggestion of a "radiation scalar" [7] , which was defined as the product of the complex Weyl scalars Ψ 0 and Ψ 4 , in a tetrad frame in which Ψ 1 and Ψ 3 are zero [30] . Using our variables, the latter requirement translates to Ψ = Ψ = 0, and is thus satisfied by our static solution. Furthermore, in this solution the radiation scalar becomes Ω 2 , which is in general nonvanishing. This shows that the following claim in [7] , "[the radiation scalar] vanishes in regions of space-time which can be said unambiguously to contain no gravitational radiation", is not true.
However, one might still hope that even though the interpretation of the Ω terms fails for static geometries, it could still be valid for pure wave solutions, and in particular the distinction between incoming and outgoing waves could still be rigorously made for those cases. Unfortunately, this is also not true, as we will show in the next section.
B. Einstein-Rosen waves
To this end, consider cylindrically symmetric gravitational waves, first discovered by Einstein and Rosen [31] (see also, e.g. [32] ). The metric for this class of solutions is obtained from (40) by setting w = r:
We refrain from specifying the energy-momentum tensor that would give rise to the cylindrical waves and simply assume that there is some time-dependent source distributed in accordance with the cylindrical symmetry over a bounded region around the axis at r = 0. Thus, we only consider the vacuum Einstein equations outside this region, which take the simple form
The first equation is nothing but the linear cylindrical wave equation in flat space, and given any solution α of this equation, the other two -which are consistent on account of the first one -can simply be integrated to obtain η. Since this system is so simple, but still represents exact solutions of Einstein's field equations with a clear physical interpretation, it is a perfect candidate to test the standard interpretation of the Weyl components. For the metric (54), the nonzero, independent components of the Weyl tensor become, after some simplifications using (55),
Now consider, for example, a solution of (55a) corresponding to a purely outgoing wave with frequency ω: denotes the Hankel function of the first kind, and J 0 and Y 0 are the Bessel functions of the first and second kind, respectively. Plugging (57) into (56) yields some complicated expressions for the three components, containing trigonometric and Bessel functions, the explicit form of which is not of great interest. The main point is that they are all nonvanishing, even though their magnitude and falloff behavior with r is different; cf. Figure 1 . Furthermore, they all behave like outgoing waves, in accordance with our choice (57), confirming that the geometry only contains outgoing wave components.
The observation that the component Φ is nonzero is not too disturbing, because an outgoing wave could also induce Newton-like contributions -even though the solution (57) does not contain a static, Newton-like part ∝ ln(r). But the fact that Ω (in) is nonzero, and furthermore also behaves like an outgoing wave, clearly shows that the interpretation of Ω (in) as an incoming gravitational wave is not correct.
Even though the interpretation that Ω (in) corresponds to incoming gravitational waves is wrong, there is still a difference between the different Weyl components: they all have a distinct falloff behavior with r → ∞.
Only Ω (out) falls asymptotically off as a spatially twodimensional wave ∼ r −1/2 , whereas all other components fall off faster. So in the case of pure cylindrical waves, the interpretation still works asymptotically far away from the source. This can physically be understood because for r → ∞ cylindrical waves look like plane waves, for which we saw that the decomposition into incoming and outgoing wave components is successful.
This might be considered a window of opportunity, indicating that the standard interpretation of the Weyl components might in general still hold asymptotically far away from the source. However, for the static solution discussed in section V A, all the components have exactly the same falloff behavior [33] ; cf. equation (51). Thus, it is not true in general that the decomposition into Newtonand wavelike components gets better and better in the limit r → ∞. Physically, the key difference between the pure wave and the static case is, of course, that while waves look like plane waves far away from the source, the cylinder does not look like a plane from far away.
On the other hand, as shown in section V A, the wave components that are due to such a static field always fall off like Ω ∼ r −2 , i.e. faster than ∼ r −1/2 which is the characteristic falloff behavior of the actual gravitational waves. Therefore, the correct statement is the following: in the case of a cylindrical geometry, those parts of the wave components Ω (in) and Ω (out) that fall off like ∼ r −1/2 are due to incoming and outgoing gravitational waves, respectively. Thus, the standard interpretation still applies to cylindrically symmetric geometries in the weaker sense that the presence and distinction of incoming and outgoing radiation can be inferred from the asymptotic falloff behavior of the respective wave components of the Weyl tensor. But our result unambiguously shows that these components cannot be used as a local criterion, i.e. by evaluating them at some fixed value of r, for the presence or absence of gravitational waves.
VI. PIRANI'S CRITERION
In [12] , Pirani suggested a slightly different criterion for deciding whether a given geometry contains gravitational waves or not, depending on its Petrov type:
"At any event in empty space-time, gravitational radiation is present if the Riemann tensor is of Type II or Type III, but not if it is of Type I." (Note that here type D and N should be understood as subclasses included in type I and II, respectively.) The difference to the Weyl component criterion is that a Petrov type I space-time can have nonvanishing components Ω and Ω [5, chap. 4.2] . However, they must be equal, and so Pirani would correctly classify the static example of section V A as one without waves, because it is of type I. However, it turns out that the dynamical solution of Eintsein-Rosen waves can in fact be of type I. Actually, this example was also discussed by Pirani in [12] , claiming that it is of type II and thus in accordance with his definition. But this statement is false: even though they can be of type II, they can also be of type I [5, p. 352] , as is for example the case for our outgoing wave solution. Therefore, Pirani's diagnostic tool also does not work in general.
VII. THORNE'S C-ENERGY
For whole-cylindrically symmetric space-time geometries, like the ones discussed in section V, Thorne was able to define a physically well-motivated notion of local energy, the so called "C-energy" [13] . It is given by a covariantly conserved four-vector P , which can be viewed as the flux vector of gravitational energy. For an (accelerated) observer localized at constant spatial coordinates, P t is thus the energy density, and P r corresponds to the flux of energy in radial direction. Therefore, P r could be used as a diagnostic tool, which should be nonzero only if gravitational waves are present, and the sign of which should determine the direction of propagation.
Let us, for convenience, briefly recall the definition from [13] . The C-energy flux vector P is defined as
where ABCD = +1 when (ABCD) are even permutations of (trzφ), ξ (z) and ξ (φ) are the two Killing vectors of the whole cylindrical geometry (normalized such that |ξ (z) | = 1 on the symmetry axis when there is no gravitational radiation present, and |ξ (φ) | measures the proper circumference around the axis), and E denotes the "potential function" for C-energy:
In the coordinates (40), the Killing vectors have the components
where h z is some positive constant [which is fixed by requiring the proper normalization of ξ (z) ]. The potential function then becomes
and the nonvanishing components of the flux vector are
Inserting (61) in (62), and using the Einstein field equations (43) in vacuum, the flux vector can be written as
where C denotes the manifestly positive -and thus for our purposes not important -factor C := exp[2(α − η)]/h z . From (62b) it follows immediately that the energy flux P r indeed vanishes for the static solution (47), which has the only nonzero component
So this time the static, Newton-like character of the Weyl tensor is correctly reproduced. Furthermore, P t will be positive, as long as w 1 > 0, which according to (49) and (50) is equivalent to p φ > 0 and also to ρ < 1, and which is necessary for the geometry outside the cylinder to be regular. The positivity of P t is of course necessary for it to be interpreted as an energy density.
For the Einstein-Rosen geometry (54), the flux vector in vacuum becomes
which for the outgoing wave (57) gives
First of all, note that P t is manifestly non-negative, as is required for its interpretation as an energy density. Furthermore, the flux in r direction does not vanish, in agreement with the presence of gravitational waves. As can be seen from the plot in Figure 2 , it is not strictly positive, though; in the region close to the axis at r = 0, it becomes negative. This effect, however, disappears if the flux averaged over one period T ≡ 2π/ω is considered:
This has exactly the form expected for a stationary flux of outgoing cylindrical waves. Purely incoming EinsteinRosen waves,
0 (ωr)] instead of (57), yield the same result, but with opposite sign.
Let us emphasize that, on the other hand, Ω (in) = 0 and so this averaging cannot be used to circumvent the failure of the standard Weyl interpretation.
As a result, Thorne's C-energy passes all tests in our two examples, where the standard interpretation of the Weyl tensor fails, apart from the subtlety that the radial flux P r can locally (both in space and time) have the opposite sign than the actual direction of wave propagation. This could be due the well-known fact [34] that waves in two spatial dimensions do not obey the principle of Huygens and Fresnel, meaning that signals do not propagate exclusively with the speed of light, but also slower. (This can directly be seen from the fact that the retarded Green's function for the wave operator in 2 + 1 dimensions has support not only on the backward light cone, but also inside.) A possible interpretation is based on backscattering processes taking place, because if we still demand propagation to mean propagation with the fundamental velocity, then an outgoing wave in two spatial dimensions must be viewed as the superposition of a part propagating outwards and some (smaller) part that propagates inwards. Provided the C-energy flux measures energy propagating with the speed of light, backscattering processes could explain the unexpected behavior of P r . Only for large distances from the axis, where the waves asymptotically become one-dimensional, the backscattering effect becomes negligible. This would also explain why the "wrong" sign of P r is only found close to the axis, where backscattering is still efficient.
This observation suggests that the same effect might also be responsible for the failure of the Weyl-criterion when applied to cylindrical waves. In this case there is also a further, independent argument: if Ω really corresponded to the purely incoming gravitational wave component, then this term, when set equal to zero, would constitute a local outgoing-wave condition. However, no such local condition exists for linear cylindrical waves, because the wave operator does not factorize in two spatial dimensions -unlike in one or three, where
It would thus be quite surprising if the much more complicated nonlinear wave phenomena of general relativity would in general allow for such a local condition [35] . Note that this argument is also supported by the observation that the standard interpretation seems to work for plane and spherical waves, but fails for cylindrical waves. On the other hand, this still does not explain why the Ω terms are nonzero in the static cylindrically symmetric solution.
FIG. 2:
Plots of the nonvanishing components of the C-energy flux vector for the outgoing Einstein-Rosen wave solution (57). The solid black lines correspond to t = 0, whereas the dotted and dashed lines are evaluated at times t = 1/(2ω) and t = 1/ω, respectively. The gray lines are the corresponding time-averaged quantities, which (asymptotically) fall off like 1/r.
VIII. CONCLUSION
The main scientific objective of this work was to prove that the standard interpretation of the Weyl tensor [1, 3, 5] does not hold in general. This has been achieved by investigating explicitly two exact vacuum solutions of Einstein's field equations with whole-cylinder symmetry: first, a static solution has been shown to admit nonvanishing wavelike components according to the standard interpretation, which does make sense. In addition, this example invalidates a more recent suggestion for a local criterion indicating the presence of gravitational waves [7] . Second, purely outgoing Einstein-Rosen waves were considered, and it was shown that according to the standard interpretation, they have not only nonzero outgoing wave-and Newton-like components, but also incoming wavelike components. Moreover, they are of Petrov Type I, which also shows that a further instrument to diagnose the presence of wavelike components put forward by Pirani [12] does not work.
The only way in which the standard interpretation can still be used in the case of cylindrical symmetry is by considering only those parts of the Weyl components which have the correct asymptotic falloff behavior as r → ∞: ∼ r −2 for the Newton-like component Φ 0 , and ∼ r −1/2 for the transverse wavelike components Ω (in) and Ω (out) . But it can not be used as a spatially local criterion.
Furthermore, we showed that the standard interpretation does work for plane wave and spherical wave geometries. Based on these findings, we argued that the failure of the wave interpretation might be due to the more fundamental inability to locally distinguish between incoming and outgoing wave components for cylindrical waves, which is even true for the weak field limit on a Minkowski background. This can be seen by the fact that the d'Alembert operator does not factorize in two spatial dimensions, whereas this factorization property is granted in one or three spatial dimensions.
Therefore, the standard interpretation of the Weyl tensor cannot be trusted when space-time geometries with whole-cylinder symmetry are being investigated. Instead, for those systems, Thorne's local energy concept, called C-energy, is an appropriate tool to diagnose the presence or absence of gravitational waves. It is, however, not possible to locally distinguish between incoming and outgoing waves, for the very same reason stated before. At least, Thorne's concept works for oscillatory waves when the C-energy flux averaged over a time period is considered. This gives a spatially local criterion with the correct interpretation. Note that the above explanation actually addresses only the distinction between incoming and outgoing wavelike components, but does not resolve the problem that a static solution can admit nonzero wavelike contributions. However, it was also shown that the wave components in fact do vanish for static plane-symmetric and spherically symmetric geometries. This gives prominence to the cylinder symmetry as the cause for the standard interpretation to fail.
Finally, let us stress that our results do not invalidate the Gedankenexperiment to measure components of the Weyl tensor by observing the relative acceleration of nearby freely falling test particles. Our work rather shows that it is in general not possible to classify these components as Newton-like, or as incoming or outgoing gravitational wave components.
